The structure of the Yang-Mills spectrum for arbitrary simple gauge algebras 

Fabien BuissereJ*] 

Service de Physique Nucleaire et Subnucleaire, 

Universite de Mons-UMONS, Academie universitaire Wallonie-Bruxelles, 

Place du Pare 20, B-7000 Mons, Belgium 
(Dated: May 6, 2011) 

Abstract 

The mass spectrum of pure Yang-Mills theory in 3 + 1 dimensions is discussed for an arbitrary simple gauge 
algebra within a quasigluon picture. The general structure of the low-lying gluelump and two-quasigluon 
glueball spectrum is shown to be common to all algebras, while the lightest C = — three-quasigluon glueballs 
only exist when the gauge algebra is A,.>2, that is in particular &u{N > 3). Higher-lying C — — glueballs 
are shown to exist only for the Ar>2, Dodd-r>4 and Eg gauge algebras. The shape of the static energy 
between adjoint sources is also discussed assuming the Casimir scaling hypothesis and a funnel form; it 
appears to be gauge-algebra dependent when at least three sources are considered. As a main result, the 
present framework's predictions are shown to be consistent with available lattice data in the particular case 
of an su(iV) gauge algebra within 't Hooft's large- limit. 
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I. INTRODUCTION 



Yang-Mills (YM) theory can be in principle formulated for any gauge (or colour) algebra, al- 
though the su(3) case has been maximally studied since it corresponds to the pure gauge sector 
of QCD. Besides the intrinsic interest of such a task, there are several motivations to study YM 
theory with an arbitrary gauge algebra. Let usnow give two of them. First, dealing with a generic 
su(A^) gauge algebra instead of an su(3) one allows to deal with 't Hooft's large-A^ limit of YM 
theory This limit deserves a considerable interest nowadays due to its ability to provide rele- 
vant informations about nonperturbative phenomena in YM theory and to its central role in the 
celebrated AdS/CFT correspondence. Second, a change of gauge algebra allows to check deeper 
theoretical approaches describing su(3) YM theory. For example, it has been suggested in {2] that 
the phase transition of YM theory with gauge algebra g might be driven by a spontaneous breaking 
of a global symmetry related to the center of g. Effective Za-symmetric models are indeed able to 
describe the first-order phase transition of su(3) YM thermodynamics as observed in particular in 
lattice QCDjp]. However, a similar phase transition has been observed in lattice simulations of G2 
YM theory |J] even though the center of G2 is trivial. This shift from su(3) to G2 thus helps to 
better understand the general mechanisms of (de) confinement in YM theory by showing that the 
breaking of center symmetry is not the only mechanism responsible for deconfinement. 

Regardless of the gauge algebra considered, a crucial feature of YM theory (even coupled with 
fermions) is its /3- function, whose two-loop expression is well-known, see e.g. [5]. In the case of 
pure YM, the coefficients /3o and /3i are strictly positive, and asymptotic freedom is present for any 
simple gauge algebra, on which we focus in this paper. The two-loop running coupling can then 
be extracted from the /3-function. From its expression, one can define in the pure YM case [5i] 

where = 5'^/47r and where oq = A/47r. The function A, depending on the energy scale, has a 
fixed form for any gauge algebra. 

Because YM theory exhibits confinement for any nonabelian gauge algebra, it allows the ex- 
istence of purely gluonic bound states called glueballs. Questions that logically arise are: What 
is the global structure the low-lying YM spectrum and does it strongly depend on the considered 
gauge algebra? The most fundamental way to study the YM spectrum is in principle by resorting 
to lattice cornputations, that have led to accurate results in the su(3) case Q, Q], but also in the 
case of su(2) Q], su(8) [9], and in the large- limit [3]. The YM spectrum has not been computed 



with other gauge algebras than 5u{N) so far on the lattice. So it is worth addressing the problem 
by using an effective framework in view of getting first qualitative results and motivating future 
lattice computations. The quasigluon picture, in which glueballs are assumed to be bound states of 
a fixed number of constituent gluons, called quasigluons, will be used hereafter. Such a framework 
has proved to give an accurate and intuitive description of the lattice data in the su(3) case, see 



e.g. the review [13[], or more specifically 



11 



12l |. A quasigluon approach is actually the framework 



in which the gauge-algebra dependence of the observables appears the most clearly and can be 
the most straightforwardly dealt with. That is why it is the most appropriate framework for our 
purpose. 

This paper is organized as follows. The quasigluon picture is presented in Sec. [Ill As an 
application of this picture, the qualitative features of the low-lying YM spectrum are discussed in 
Sec. lIIIi Predictions are given concerning the mass hierarchy of gluelumps and glueballs. Section ITVl 
is then devoted to the potential energy between static adjoint sources, which is obviously related 
to the instantaneous potential that could be used to build an explicit Hamiltonian in a quasigluon 
approach. The results obtained in Sees. Illll and llVI are applied to the case of an 5u{N) gauge algebra 
in Sec. |V] and compared to recent lattice data. Finally, conclusions are drawn in Sec. IVIl while 
useful Lie-algebraic data are gathered in Appendix [XI Comments on the M = 1 supersymmetric 
(SUSY) YM case are given in Appendix iBl 



II. THE QUASIGLUON PICTURE 
A. Generalities 

The YM field, or gluonic field, is defined as A^^ = Aa T^" ■) , where // is the spacetime index, 
while T^"^ denotes the generators of an arbitrary simple Lie algebra in the representation r. The 
charge-conjugate gluon field, A'^ , is defined as 14 1 



A'^^ — C A^C ^ — —Al^, (2) 

where T denotes the transposition of the T^^^ matrices. In 3-1-1 dimensions, i.e. the case considered 
in the rest of this paper, the YM theory thus contains dimadj transverse massless particles, or 
gluons - this is also the case with more than 3 spatial dimensions. Note that adj denotes the 
adjoint representation of the considered algebra. 

The main advantage of a quasigluon picture is that the quantum state of a given bound state 
made of Ug quasigluons can be decomposed as |nc,; J^*^) = \colour) ® \spin — space), so that only 



the colour part of the state wih quahtatively depend on the chosen gauge algebra. The spin-space 
part could also depend on the gauge algebra through a change in the numerical values of the 
parameters appearing in a specific Hamiltonian, but this would only affect quantitatively the mass 
spectrum, not the basic properties studied in this work like the allowed quantum numbers and the 
mass hierarchy. As stressed in 11[ , those global properties are mostly consequences of the colour 



structure of a given state - responsible for C according to (l2|) - and of the peculiar dynamics 
induced by the transversality of the quasigluons and the Pauli principle - responsible for . 

It has to be said that the idea of modelling hadrons as bound states of constituent particles is not 
new: The classification of baryons and mesons within the quark hypothesis is a first and successful 
application of such an idea. Moreover, potential approaches in which mesons and baryons are 



respectively seen as genuine quark-antiquark and three-quark states are able to correct 
the mass spectra of those hadrons. We refer the interested reader to the review 



y describe 



151 ] for more 



information on this topic. A constituent picture of mesons and baryons is expected to work well 
for states made of heavy quarks, since in that case an expansion of QCD in inverse powers of the 
quark masses leads to a nonrelativistic, Schrodinger-like, description of those hadrons (see e.g. the 



recent review 



16(1). This expansion cannot be applied to hadrons made of light quarks, although 



potential quark models give good results in that case too. It is generally argued that the viability 
of quark models in this sector comes from the fact that light quarks gain a non negligible mass 
generated dynamically by chiral symmetry breaking [l7]: It is then justified to make a Fock-space 
expansion of, say, a light mesonic state and keep only its dominant, quark-antiquark, component. 
The situation might appear more problematic in the YM sector, where it is not so clear that a 
Fock-space expansion in terms of constituent gluons, or quasigluons, may be done. Although the 
quasigluon picture can be justified a posteriori by its ability to reproduce the su(3) YM spectrum, it 
is worth giving some arguments justifying a priori the relevance of using such a picture to describe 
glueballs in generic YM theories. This is done in the next section. 



B. Relevance of the method 

The emergence of a constituent picture appears naturally in Coulomb gauge QCD jisl . In this 
approach, the QCD Hamiltonian is written with the gluonic field in the Coulomb gauge. A key 
feature of this gauge is that the elimination of the nondynamical degrees of freedom creates an in- 
stantaneous nonperturbative interaction. One can schematically write the interaction Hamiltonian 

4 



as ^ ^ 

Hi = -\j dxdyp-{x)Ki{\x-y\)pa{y), (3) 

where p"'{x) is the colour current 

p'^ix) = ^\x)T^^~^i,{x) + n,A\x) . E%x), (4) 

and where Kj(z) is the interaction kernel. 

In a first approach, the interaction kernel can be taken of funnel form, that is K{z) = az — b/z. 
Both the linear and Coulomb term are expected to be present for any gauge algebra. Indeed, 
the Coulomb term is the effective potential corresponding to a one-gluon-exchange diagram; one 
finds h = as, OT b = uq/c'^'^^'^ following ([T]), independently of the considered gauge algebra. The 
long-range part is a linearly confining term, that can be analytically obtained by performing a 
strong coupling expansion of the Wilson loop in YM theory. This expansion suggests that a = g^Q 
[3], or a = a^/C^'^^^ following ([T]), where and uq are some numerical parameters. Again, 
this result is valid for any gauge algebra, suggesting that a funnel form for the interaction kernel 
might be quite universal: It has at least the correct short- and long-range limits, hence it does not 
seem unreasonable to assume this form as a general interaction potential. Taking into account the 
generators of the gauge algebra present in the colour currents, the proposed forms for a and b lead 
to the static potential 

^'MW = |ST(-o^-?)-|SyC'W (5) 

between two sources in the representation r (or f) bound in a colour singlet. The colour factor 
appearing in the Coulomb term agrees with what is expected from a one-gluon-exchange process, 
while the total string tension is 



19|] and with the Casimir 



This expression agrees with the strong coupling expansion performed in 
scaling hypothesis, stating that a static coloured source generates a flux tube whose tension is 
proportional to its quadratic Casimir operator. It is well-known that the shape ([5]) is in very 



good agreement with lattice computations of the energy between two static coloured sources 
Moreover, the Casimir scaling has been observed in many lattice simulations 
recent computations with a G2 gauge algebra 



24]. 
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22l |. including 



231], and is supported by effective approaches too 



Using the above interaction Kernel, the gluon mass gap equation in Coulomb gauge QCD can 
be written as [251 



-^U{\k + q\) [1 + (fc • qf] ^ ^ 



(7) 



4(27r)3 ^' ' -^'^ L . V -1/ J ^^^^ 
where v = \v\, v = v/v, and where U is the Fourier transform of U. The resolution of ([7|) leads to 



m, 



which is the dispersion relation of a quasigluon 



MeV is found in Coulomb gauge QCD for the gauge algebra su(3) 



jpically, mg{0) =600-800 



25( 1 ■ and a quasigluon can 
then be seen as a transverse particle with a dynamically generated mass mg(q). The existence of 
such a mass justifies a Fock space expansion of gluonic states in terms of states with a given number 
of ,ua.igluons. Even.ua.l^only the component with the ..n„nal n.^be, of ,u..g.uons wih be 
kept. As pointed out in [18], such a truncation makes sense because the Fock space expansion 
converges quickly. From dimensional analysis, the mass gap equation d?]) will lead to a solution 
of the form mg{q) = y^m(g/-^/ao ,ao), that does not depend qualitatively on the gauge algebra. 
Quantitatively however, it can be so because the parameters uo and oq may be gauge-algebra 
dependent. 

Two remarks should now be done. First, although not universally accepted, a dynamically 
generated gluon mass is favoured by some lattice results related to the zero momentum behaviour 
of the gluon propagator in Landau gauge, see e.g. ^6,^^- Also nonperturbative field-theoretical 
calculations, using for example the pinch technique, find a nonzero dynamically generated gluon 



mass in 3 + 1 YM theory 



28|, 



29[. These last results have been obtained in the case of an su(A^) 



gauge algebra. Second, it has been shown in the recent lattice study [30| that the qualitative 
behaviour of the Landau gauge gluon propagator does not depend on the chosen gauge algebra in 
the 1 + 1 and 2 + 1 dimensional cases. 

It is thus reasonable to conclude from the above discussion that the quasigluon picture, a priori 
justified by the existence of a dynamically generated gluon mass, may be used for any simple gauge 
algebra. 



III. STRUCTURE OF THE YANG-MILLS SPECTRUM 
A. Gluelumps 

Gluelumps are colour singlet bound states of the YM field plus a static adjoint source defined as 
(f) = (pa T^r) ■ Although not "physical" in the sense that they require the presence of an extra static 
source, gluelumps are nevertheless worth of interest since in QCD, (p can be seen as an adjoint static 
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quark-antiquark pair in the limit where their separation goes to zero 3l[. So, the gluelump mass 



is grosso modo the binding energy of a heavy hybrid meson [84] and, accordingly, the static source 
should have the quantum numbers of a static, scalar, pointlike, quark-antiquark pair: JP = 0-. 
Hence t?,^ = — 1 is assumed for the source's intrinsic parity. Moreover, (ff = is taken here, 
implying that the charge conjugation of the lightest gluelumps will always be negative (see below). 
The above discussion suggests that, within a quasigluon picture, the lowest-lying gluelumps are 
states made of one quasigluon, the presence of the static source allowing to build a colour singlet. 

The tensor product of the adjoint representation by itself has schematically the following struc- 
ture for any gauge algebra: 

adj (g) adj = ® adj^ . . . , (8) 

where the S {A) superscript denotes a(n) (anti) symmetric colour configuration, and where the 
singlet is represented by •. It can moreover be checked that no algebra allows the appearance of a 
•"^-term in the right hand side of ([8]). The colour configuration of a gluelump state in the channel 
is given by 5ab(t>°'A^^ cjc Tr((/)A^j) = — Tr(0''j4^) and has always a negative charge conjugation. Now 
that the colour part of the gluelump wave function has been fixed thanks to ([8]), its spin-space wave 
function can be defined using Jacob and Wick's helicity formalism applied to a single transverse 
spin-1 particle jsj]. One finds two families of states, both with spin J > 1, among which the 
lightest states are obviously those with J = 1: They are the states with the minimal rotational 
energy. Once decomposed in a standard P'^+^L j) basis, these lightest states read 
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Di), (9) 



\g-l—) = -\^P^). (10) 

The 1^ , being dominated by a S'-wave component, will be the lightest, followed by the 1 . 

In summary, any gauge algebra allows the existence of colour singlet states made of a single 
quasigluon and a static adjoint source, that are called gluelumps. These states will be at the 
bottom of the YM spectrum since they are made of only one quasigluon. Moreover, the spin-space 
part of their wave function shows that the lowest-lying gluelumps will have the quantum numbers 
1"' and 1 , their masses being ordered as Mi+- < Mi--. A typical gluelump mass scale can be 



Mi+- + Mi- 



defined as 

Ml = --^" ^ (11) 

and will be useful in the following. 



Interpreting gluelumps as one-quasigluon states agrees with su(3) lattice calculations, showing 
that the lowest-lying gluelumps are lighter than all the currently known glueballs [3l|, Q: A 
minimal number of two quasigluons is indeed needed to build a glueball state (see next section). 



31 



33l | , and explicit 



Furthermore, the mass hierarchy Mi+- < Mi-- has been found on the lattice 
Coulomb gauge calculations confirm that the S'-wave dominated state is indeed the lightest one 
35 1 ■ Note that M/ w 1 GeV according to the results of {31]. 



B. Two-quasigluon glueballs 



In the framework used here, glueballs are colour singlet states made of quasigluons only. As 
shown by dH), the minimal required number of constituent gluons is two, i.e. a state whose colour 
configuration is dabA'^^A^, oc TT{Af^A,y) = Tr{A^A^). Consequently, the charge conjugation of a 
two-quasigluon glueball is always positive. Since the colour wave function is symmetric, the Pauli 
principle demands the symmetrization of the spin-space wave function. Again, the building of 
such a state can be achieved by resorting to Jacob and Wick's helicity formalism in the case of 
a symmetrized state made of two transverse spin-1 particles. As computed in 
families of states that will not explicitly be written here for the sake of simplicity. It is nevertheless 
worth saying that a look at their decomposition in a P'^^^Lj) basis immediately suggests that the 
lightest states are the scalar, tensor, and pseudoscalar ones, reading 



36[, one finds four 
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(12) 
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55; 0" 
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(13) 
(14) 



The 0^"*" state (|12p . being dominated by its S'-wave component, is expected to be the lightest one, 
followed by the 2++ and ^ states. Explicit values of these glueball masses can be computed 
within a quasigluon picture using the interaction potential (|5l): it has been done in Coulomb gauge 
QCD by using parameters fitted on the su(3) lattice data 



v. 



25l | and the results agree with the 



mass hierarchy expected from the orbital angular momentum content of each glueball state. 

It is readily concluded that any gauge algebra allows the existence of two-quasigluon glueballs 
in a symmetric colour singlet, that will stand at the bottom of the glueball spectrum and should 
have a typical mass of 2 Mi . This estimate is an immediate consequence of the quasigluon picture 



developed in this work. Moreover, the lightest two-gluon glueballs will have the quantum numbers 
0^^, 2^+ and '", the masses being such that Mq++ < M2++, Mq-+. Notice an important feature 
of two-quasigluon jtates: Yang's theorem forbids the existence of two transverse spin-1 particles 
in a J = 1 state {33], i-e. no vector glueball is expected around 2 Mi, regardless of the considered 
gauge algebra. 

As an illustration, it can be remarked that the lightest gluelump masses are Mi+- = 0.87(15) GeV 
and Ml— = 1.25(16) GeV [si], while the lightest gluebah masses are Mq++ = 1.730(50)(80) GeV, 
M2++ = 2.400(25) (120) GeV and Mo-+ = 2.590(40) (130) GeV in su(3) lattice QCD [6] - no 1^+ 
state is observed in this mass range. The estimate 2 Mi and the hierarchy Mq++ < AI2++, Mq-+ 
which are found for two-quasigluon states compare thus well with well-known lattice data. 

C. Three-quasigluon glueballs 

It is worth going a step further and discuss the properties of glueballs made of three quasigluons, 
that is three quasigluons in a colour singlet. This is the simplest case in which the results will 
depend on the considered gauge algebra, as shown by the tensor product 

[.^ e ... 

adj ® adj (g) adj = < . (15) 

|^»^ e e... only for A^>2 

This means that a totally antisymmetric colour singlet can always be formed by using the structure 
constants; one gets the colour structure f'^^'^A'^A'^A^ oc Tv {[A'' , A"] AP) = Tr {[A^ , A'^ "] A^p) 
that has C = +. But, a peculiar feature of the algebras P^r>2 is that they possess a totally 
symmetric invariant tensor whose indices run in the adjoint representation, generally denoted 
d""^", that ahows to build the totally symmetric colour singlet d"-^" A^A^A^'c oc (\Ap , A""} AP) = 
— Tr (1^4'' ^, A'' ^} A'^P^ Such states always have C = — , and their phenomenological relevance is 
considerable since A^ in its compact real form is nothing else than the algebra 5u(r + 1). 

Pauli's principle states that to a totally (anti)symmetric colour singlet must correspond a totally 
(anti)symmetric spin-space wave function. Although the explicit form of (anti)symmetrized three- 



quasigluon states within Wick's three-body helicity formalism 



will not be given here for the 



sake of clarity, some observations can be made concerning the quantum numbers of the lightest 



three-quasigluon states. Group-theoretical arguments developed in [ll[ show that the lowest-lying 
three-quasigluon glueballs will have the quantum numbers ^ and (1,3)^^ . The absence of 
low-lying 0^~ state is in agreement with jssf], that is actually an extension of Yang's theorem to 



three-photon states, showing that no (pseudo)scalar three-photon state may exist. 



9 



In summary, the lowest-lying three-quasigluon states should have a mass around SM^. At such 
a mass scale one expects both excited two-gluon and low-lying three-gluon states to coexist (and 
probably significantly mix) in the C = + sector. There, only l'^"'" states could safely be interpreted 
as three-gluon ones. No glueball state around 3M; is present in the C = — sector excepted when 
the gauge algebra is Ar>2. 

An important check of the above discussion is that the 1"' and 3"' states have indeed been 
observed in su(3) lattice QCD with a mass of 2.940(30)(140) GeV and 3.550(40)(170) GeV respec- 
tively Q], while no such states exist when su(2) (the compact real form of Ai) is used [s]. 



D. Higher-lying states 

Obviously, higher-lying states with e.g. four or more quasigluons may exist, but their exhaustive 
study would be rather tedious and will not be pursued in the present work. An important remark 
has nevertheless to be done: If all the representations of a given gauge algebra are real, one has 
ri''^ = _(Ti'"^)T and = A^^. Then, an arbitrary colour structure e«i-""^^i . . . A^;' has always 
a positive charge conjugation. Following |4(j. Chapter 15], the algebras Ai, B.f.>2, Cr, Deven-r>4) 
E7, Eg, F4, and G2 have only real representations; consequently, no C = — glueballs can be built 
in those cases. 

A n^-quasigluon state will have a mass around Ug Mi in the present formalism. Such high-lying 
glueballs would be particularly difficult to study on the lattice because they would fall in a mass 
range where many-glueball states are present. It is nevertheless possible that the 0"* glueball, 
observed in 5u(3) lattice computations Q], might be interpreted as a four-quasigluon state as 



suggested in 



ll|. 



4l|, that 



In the particular case of large-A^ QCD, it is known that baryons are A^-quark states 
is the minimal number of quarks needed to build a totally antisymmetric colour-singlet. Studying 
the properties of such states demands a particular care since their number of constituents tend 
towards infinity in 't Hooft's limit. A similar situation does not occur for glueballs because, for any 
gauge-algebra, symmetric and antisymmetric colour singlets can be built with only two or three 
quasigluons. So, introducing states with a number of quasigluons tending toward infinity does not 
seem relevant from a physical point of view, and such states will not be discussed here. 
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IV. THE STATIC POTENTIAL 



A. Two sources 



The static energy between coloured sources is an observable that is both accurately computable 
on the lattice and relevant in view of understanding the structure of confinement, see e.g. the review 
[2^. The simplest situation is the potential energy of two static sources in the representation r (or 
f) bound in a colour singlet, for which the potential energy is given by ([5]) where z is the separation 
between the sources. When r = adj, one has 

y{adj){z) = CFqZ - ^ , (16) 

SO the values of ctq and ao, that cannot be guessed from the present approach, could be measured 
thanks to lattice computation of the static energy between two adjoint sources for different gauge 
algebras. 



B. Three sources 



A particularly interesting case is that of the static energy between three adjoint sources. 
It can be read from ([8]) and (jlSp that the following colour structure exists for any algebra: 
[adj,adj]^^ ,adj , i.e. each pair is in the adjoint representation, while the three sources 
are in an antisymmetric colour singlet. Assuming that each source generates an adjoint flux tube, 
the static energy corresponding to the above colour configuration should be given by the potential 

i=l i<j = l 

where the source's positions are denoted and whose confining part is often called Y-junction in 
the literature. Again, the interaction has been splitted in a short-range Coulomb part and in a 
long-range linear part. The point Y where the flux tubes meet is such that the sum Yli=i I'"* ~ ^1 
is minimal. A confinement of Y-junction type is supported by lattice computations of the static 
energy between three sources in the fundamental representation of su(3), especially when those 
sources are in a spatially symmetric configuration like an equilateral triangle [42l |. 

The Y-junction potential is not the only allowed possibility. Excepted for Eg indeed, the adjoint 
representation is not the lowest-dimensional one, that is called fundamental in the present work. 
It can be checked that the adjoint representation appears in the tensor product f ® f when the 
algebra is self-dual, and in the tensor product f ® f when the algebra is not self-dual, that is 
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for A^.>2 and Eg. This means that an adjoint source can always generate two fundamental (or a 

fundamental and a conjugate) flux tubes instead of an adjoint one, Eg excepted. In the case where 

(f) (f) 

fundamental flux tubes are present, taking into account that = C2 , the potential will be 



referred to as a A-potential, whose form is 

3 



i<j=i 



Cj^^ _ 1 ao_ 

-^i^'^oln - rj\ - -J—— 



(18) 



^2 

The question of knowing whether Vy or Va is energetically preferred for a given gauge algebra 
is relevant in view of getting a better understanding of confinement in YM theory. A simple 
configuration is when the three adjoint sources are located on the apices of an equilateral triangle. 
One can then compute that, when only the confining part of the static energy is kept, 



Vy _ 1 C2 



(adj) 

(19) 



If this ratio is > 1 (< 1), Va (Vy) is energetically favoured. Using the data gathered in TableHl one 
can thus decide which confining term is favoured. The results are illustrated in Fig. [TJ According 
to the value of the ratio (|19|) . the gauge algebras for which the Y-junction is maximally favoured 
are E7 and Eg, while a A-shape is maximally favoured in the case of Ai, A2 and C2- 



X A 

^3; D41E61 E7, Eg, F4 Ap B|.>4, Cr>2, D|.>5,G2 



FIG. 1. Schematic illustration of the two possible confining terms for three adjoint sources located on the 
apices of an equilateral triangle. Left panel: Three adjoint flux tubes forming a Y-junction. Right panel: 
Three fundamental flux tubes forming a A-configuration. Below are indicated the algebras for which each 
configuration is energetically preferred assuming the Casimir scaling hypothesis. 



The static energy between three adjoint sources has been computed in 5u(3) lattice QCD in [42 
It appears that the long-range part of the static energy is rather compatible with Va in the 
considered cases, namely when the sources form an equilateral or an isosceles triangle. Here we 
find that Vy /Va > 1 for the A^-family, and in particular for the gauge algebra su(3) in agreement 



with the results of 



3, 



441. Moreover, as lattice results for the static energy between two coloured 

n 

charges are already available for the gauge algebra G2 [23i] , it is reasonable to think that the picture 
of three-body confinement developed here will be testable in a near future. 
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V. THE CASE OF 5u{N) 



An important result of the present paper is the prediction of the behaviour of glueball masses 



versus in the su(N) (Ajv_i) case, and especially its limit at large N and constant 't Hooft 
coupling A = g'^N [l|, |41|. From a phenomenological point of view indeed, calculations at leading 
order in 1/A can shed valuable insights on nonperturbative phenomena in gauge theories, even for 
values of N as small as 3. The large- A limit should in particular provide an accurate description 
of glueball spectroscopy in QCD since glueball masses are of order 1 in that limit 
first corrections should arise at order 1/A^ . 



4l|, while the 



A. Two-quasigluon glueballs 

There have been many attempts to compute glueball masses on the lattice and see whether the 
mass of a given state behaves as 

Mg(A) = Mg(oo) + (20) 



In the recent 



or not; the interested reader will find many references about that topic in 
work [10] in particular, it has been checked that the glueball spectrum obtained on the lattice is 
accurately described by the form ([20]) and that the value of cq is compatible with zero (up to the 
error bars) for the lowest-lying glueballs. 

Is a zero value of cg compatible with the present approach? As discussed in Sec. HH a pow- 
erful approach relying on this picture is Coulomb gauge QCD. In that approach, the dynamically 
generated gluon mass, given by d?]), does not depend on N since, by definition of 't Hooft's limit, 
(To and ao are constant with respect to N. Indeed, ao = A/47r and o"o = AO from ([6]), Q and A 
being independent of N. The same argument applies to the interaction potential ([5]) between two 
quasigluons. Consequently, nothing in the two-body part of an explicit Hamiltonian will depend 
on N, in agreement with a value of cq compatible with zero. As an illustration, one can check 
the remarkable independence on N of the masses of the lightest scalar, pseudoscalar and tensor 
glueballs, corresponding to the the : ^^'^ {E,T2)~^~^ channels respectively, in Figs. 10, 

11, 13 and 17 of llj. 

Another check of the quasigluon picture in the two-quasigluon sector is provided by the earlier 
data of [4^. In this last work, among other results, the scalar and tensor glueball masses are 



computed for different values of N but normalized to V a^f\ Since the O"*'^ and 2++ masses 
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FIG. 2. Lightest scalar and tensor glueball masses normalized to the fundamental string tension computed 



on the lattice (black points) for different number of colours N 45[. The extrapolation to infinite N has 



45|. The lattice data are compared to formula (PT|) with 6gg = 2.33 for 



been also indicated (gray points) 
the scalar glueball and 6gg = 3.28 for the tensor glueball. 

should be independent of N in a constituent picture, all the A^-dependence will be contained in 
the normalization factor. Using ([6]), one expects, for a two-quasigluon state. 



7^ - V ^^^^ 



As shown in Fig. [21 the above formula compares favourably to the lattice data of [451]; the value 
6gg = 2.33 used in the plot to fit the scalar glueball masses is not unphysical since it leads to 
a quite low but acceptable scalar glueball mass of 1.56 GeV with = 3 and the standard value 
cr(/) = 0.2 GeV^. Similarly, 0gg = 3.28 leads to a standard mass of 2.20 GeV for the tensor glueball. 

B. Three-quasigluon glueballs 

In the case of a three-quasigluon glueball, the dynamically generated gluon mass remains A'^- 
independent, but following the previous section, the static potential between three quasigluons 
can be either iV-independent, Vy, or A^-dependent, Va, since C^/'^ /C^^"'^^'' = (A^^ _ i)/(2Ar2). 
The dependence (or not) on A^ arises at the level of the confining term, which contains the only 
dimensioned parameter of the system, that is the string tension. So the mass of a three-quasigluon 
state should be either constant if Vy is used, or of the form 



/ /V2 _ 1 

if Va is used. This last case is a priori favoured for the gauge algebra su(A^), as discussed in the 
previous section. Interestingly, the evolution of the 1^ glueball mass, which has to be seen as the 
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FIG. 3. Lightest vector glueball mass in units of the lattice spacing computed on the lattice (black points) 
for different number of colours N [l^]. The two inequivalent extrapolations to infinite N have been also 
indicated (gray points) ^fl]. The lattice data are compared either to a constant mass aMggg = 1.64 (dotted 
line) or to formula ((22)) with aOggg = 2.37. 

lightest three-quasigluon state, versus has been computed in [10] (it corresponds to the 
channel). The corresponding lattice data are plotted in Fig. [3] for N > 2 since this state is absent 
for N = 2. It appears that both a constant mass and the mass predicted by (|22p are compatible 
with the current error bars. In the case where the fitting form (|2U|) with cc 7^ is assumed, it 
is found from the aforementioned lattice data that aMi+~ = 1.659(19) — 0.4(0.3)/A^^ [lo| . while 
an expansion of formula ([22]) leads to aMi+- = 1.68 - 0.84/iV^ that is a quite similar behaviour. 
This in an indication that further lattice calculations in the C = — glueball sector could be very 
useful in order to disentangle the different models of confinement. 



VI. CONCLUSIONS 



This work aimed at studying the structure of the low-lying mass spectrum of pure 3 + 1- 
dimensional Yang-Mills theory with a generic simple Lie algebra as gauge algebra. Purely gluonic 
bound states are indeed expected since Yang-Mills theory exhibits asymptotic freedom (and thus 
confinement) as soon as the gauge algebra is nonabelian. 

Informations about glueball and gluelump masses and quantum numbers have been obtained 
within a quasigluon picture: Gluonic bound states have been modelled as systems made of a given 
number of transverse adjoint particles called quasigluons. Such a framework, that has already 
proven to be relevant in QCD, might be justified thanks to the phenomenon of dynamical gluon 
mass generation, expected to occur for any gauge algebra. The dynamically generated mass justifies 
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FIG. 4. (Color online) Schematic representation of the Yang-Mills spectrum for arbitrary simple gauge 
algebras. Mq denotes the mass of a given state, while Af; is the typical mass of the lightest gluelumps. 
Results from su(3) lattice QCD have been indicated for comparison (squares) Isil; the error bars are not 
shown for the sake of clarity. 

a Fock space exp ansion of a given gluonic state in terms of quasigluons interacting via a static 
potential [isl . [2^. From this starting point it has been shown that the lightest possible states are 
the 1"' and 1 gluelumps, seen as one-quasigluon states plus a static colour adjoint source. At 
about two times the typical gluelump mass, M;, appear tvi^o-quasigluon glueballs in the C = + 
sector, the lightest of which is the 0^^, followed by the 2++ and ^ . At masses similar to 3M;, 
three-quasigluon bound states should be present. In general, they can only have C = + and thus 
probably mix with excited two-gluon states. In the special case of an A(^_^)>2 gauge algebra, i.e. 
su{N > 3) in particular, C = — three-quasigluon states may also be built and are indeed observed 
on the lattice. A summary plot of those results is shown in Fig. U where it can be checked that 
our results compare well with lattice data in the su(3) case. 

Not only the gluonic spectrum may be affected by the chosen gauge algebra, but also the static 
energy between coloured sources. Assuming the Casimir scaling hypothesis, a long-range linear 
potential with adjoint string tension is always expected between two adjoint sources. However, in 
the case of three adjoint sources, either a confinement of Y-shape with three adjoint strings or a 
A-shape with three fundamental strings is allowed. In the case of sources forming an equilateral 
triangle, is has been shown that the A-shape is energetically favoured, excepted for the algebras B3, 
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D4, Eej^S) and F4. Such a prediction could be testable in a near future using lattice calculations. 

The main result of this work is that, by particularizing the present framework to the case of an 
su(A^) gauge algebra within 't Hooft's limit, the behaviour of the low- lying glueball masses versus 
the number of colours can be predicted and favourably compared to recent lattice data. The 
observed independence of the masses with respect to is naturally explained for two-quasigluon 
glueballs. For three-quasigluon states, the mass can be either constant or slightly increasing with N 
following that the Y- or A-shape is used as static potential. Although the A-shape is energetically 
favoured, the current accuracy of the lattice data does not allow to exclude one case or another. 

The allowed quantum numbers for gluelumps and glueballs could be recovered in a model- 
independent way by studying e.g. the various gluelump- and glueball-generating field-strength 
correlators for any gauge algebra, similarly to what is done in 47!]. Discussing the mass hierarchy 
of YM bound states demands however to take into account some dynamical information, which is 
here provided by the quasigluon approach. So the present results are quite general since they are 
formulated for an arbitrary gauge algebra, but have to be seen as model-dependent in the sense 
that a particular way of modelling quasigluon dynamics has been used. 

As an outlook, it is worth mentioning that the structure of the complete glueball spectrum (not 
only the lowest-lying states) with different gauge algebras might help to clarify the phase diagram 
of Yang-Mills theory. For example, the nature of the phase transition in finite-temperature su(A^), 



48[ by using renormalization- 



5p{2), and E7 Yang-Mills theory has been studied in the recent work 
group methods and a Polyakov-loop-based approach. A first-order phase transition has been found 
in all cases after computation of the Polyakov loop. One might then compute the equation of state 
of Yang-Mills theory in the confined phase by identifying it to the one of a glueball gas, as it has 
been successfully done in [43] for the gauge algebra su(3). Another outlook is the addition of one 
fiavour of massless adjoint fermions, leading to a = 1 super symmetric Yang-Mills theory js^, 
which still enjoys asymptotic freedom for any gauge algebra. Some comments about this case are 
given in Appendix |Bl but a detailed study is left for future works 
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Appendix A: Lie-algebraic data 



Here are gathered some data concerning simple Lie algebras, following the conventions of [51|. 
Let be a simple Lie algebra defined by the commutation relations 

[T" ,T^] = f^T'' , (Al) 

where T"" denote the generators of g. The generators of g in the adjoint representation are then 

pa ^ 



given, in matrix form, by (^f . J^ = /"''^. The Cartan-Killing form, k!^^ , and its inverse, Kahj are 



respectively defined by 

= 7(i) Tr (r(»,,^.)T5,,^.)) and k^'k,^ = 5'^, (A2) 

where /^"'^■'^ is the second-order Dynkin index of the adjoint representation. Of particular interest 
for the present work is the quadratic Casimir operator 

C2=KabT''T\ (A3) 

Its eigenvalue in the adjoint representation reads (the highest root is normalized to 1) 

C^f^^ = g^, (A4) 

where is the dual Coxeter number of the considered algebra, while its eigenvalue in any repre- 
sentation can be computed by using the formula 

^ dima^^w^ ^^^^ 
dim r 

The quantities of interest for the present study are listed in Table HI they can be easily computed 
from Tables V, XII, and XIII of [51]. Some low-dimensional algebras have not been presented in 
Table H] but their properties follow from the isomorphisms Ai = Bi = Ci = Di, B2 = C2, D2 = 
Al© Al, and D3 = A3. Notice the particular case of Eg for which the adjoint dimension is also the 
lowest-dimensional one. For completeness, we mention that the compact real forms of A^, B,., C^, 
and Dr are respectively su(r -|- 1), so(2r -|- 1), 5p(r), and so(2r). 



We finally refer the interested reader to 



521 ]. in which a powerful computer algebra package for 



Lie group computations (especially tensor products) can be found. 
Appendix B: Comments on TV 1 SUSY Yang-Mills 

The sign of the coefficients /3o and /3i are unaltered when one flavour of adjoint fermions is 
added Q] and the equalities ([T]) still hold, so one still expects confinement and bound states to 

18 





J [J) 






Madj) //-((/) 


A 


1 — (ij 


S - (^j 




9 


0/0 


A 


T> -1- 1 — n n V\\ 

r -\- i. — i^i, u . . . , uj, 
r + l = (0,...,0,l) 


+ 2r = (1,0. . . 


,0,1) 




2(r+l)2 
r(r+2) 


B^>3 


2r + 1 = (1,0, . . . ,0) 


+ r — (^U, i, U, 


. ..,0j 


2r - 1 


2r-l 
r 


^r>2 


— (^1, U, . . . , Uj 


2r2 + r = (2,0,.. 


,0) 


/r- _l_ 1 


4(r+l) 
2r+l 


D4 


8 = (1,0,0,0) or 

(0,0,1,0) or (0,0,0,1) 


28 = CO 1 0") 




6 


12/7 




2r = (1,0,...,0) 


— r = (^U, 1, U, 


. ..,0) 


2(r - 1) 


4(r-l) 
2r-l 


-Cj6 


/'in 

' — (U, . . . , i, Uj 


78 = (0,..., 0,1) 




1 


io/ io 




00 — l^u, . . . , i, 


133 = (1,0, ...,0) 






24/1 Q 


Eg 




248 = (1,0,..., 0) 




30 




F4 


26= (0,0,0,1) 


52 = (1,0,0,0) 


9 


3/2 


G2 


7 =(0,1) 


14 = (1,0) 


4 


2 



TABLE I. Data related to simple Lie algebras: Lowest-dimensional or fundamental representation, / (second 
column), adjoint representation, adj (third column), and eigenvalues of the quadratic Casimir operator in 
those representations (fourth and fifth columns). The dimension of each representation is written in bold 
and its Dynkin labels are given between parenthesis. When existing (for Ar>2 and Eg), the representation 
conjugate to /, /, is also given. Conventions of [sil are followed. 



appear in SUSY YM theory. It has also recently been shown that fermions in the adjoint repre- 
sentation of su(3) gain a dynamically generated mass due to chiral symmetry breaking [s^. As 
for the quasigluons, this is an indication that a "quasigluino" picture might be relevant as well in 
view of clarifying the structure of the low-lying SUSY YM spectrum. 

The quasigluino is a Majorana spinor with an intrinsic parity r/| = —1. A two-quasigluino bound 
state, also called gluinoball and denoted gg, must have a positive charge conjugation because the 
quasigluinos are self-conjugate. Moreover, the singlet made by the tensor product of two adjoint 
representations is symmetric for any gauge algebra, see ([8]). The Pauli principle then imposes that 
L -|- 5" is even in a standard [^"^^^Lj) basis 5j], and one also obtains that P = {—)^'^^ for a gg 
state. Thus the lightest gluinoball quantum state reads \gg;0 ^) = \^So)- Quasigluino-quasigluon 
bound states can also be formed, and the state presenting the dominant S'-wave component, that 
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is the lightest one, has spin 1/2 and can be expressed as [2/3]"^^^ P'S'1/2) ~ [1/3]"^''^ |^-Di/2)- Since 
it has a nonzero D-wave component, it will be heavier than the pseudoscalar gluinoball, that we 
thus predict to be the lightest bound state of SUSY YM theory (gluelumps excepted). Notice that 
such a mass hierarchy relies on the assumption that the quasigluon and quasigluinos dynamically 
generated masses are similar, typically O(y^CTo). This is not in contradiction with the first estimates 



of 



53I ] that, however, suggest a larger value for the gluino mass, leading eventually to a reduction 



of the mass gap between the lightest gluinoball and glueball. An quantitative calculation of this 
mass gap would require to deal with an explicit model, and is out of the scope of the present work. 

Note that the state \gg; ^) has been found to be the lightest one of the SUSY YM spectrum 



m 



551 ] for the gauge algebra su(A^) by using large N arguments. The pseudoscalar gluinoball has 



been found to be lighter than the scalar glueball also in the lattice study 
YM theory with gauge algebra su(2) is used. 
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